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Abstract 

We establish the equivalence between the problem of a potential scatterer 
in a Luttinger liquid of spinless repulsive fermions and an anisotropic Kondo 
model where the value of the impurity spin is determined by the scaling 
dimension of the scattering potential. The Bethe ansatz is used to derive 
non-perturbative expressions for the capacitance C(V) and the conductance 
G(V) (V is the voltage). 

PACS numbers: 72.10.Fk, 72.15.Qm, 73.20. Dx 

As Kane and Fisher have recently shown 1 a potential scatterer embedded into 
a one-dimensional conductor acts at low energies as a perfect reflector if interac- 
tions between the electrons are predominantly repulsive. As we shall see later, 
this effect can be described in the framework of the anisotropic Kondo model 
where the value of the impurity spin is determined by the scaling dimension of 
the interaction. This equivalence is particularly striking because from the physics' 
point of view these two problems are mirror images of each other: in the Kondo 
problem noninteracting electrons become strongly coupled to the impurity be- 
cause the latter has internal degrees of freedom; in the Kane-Fisher problem the 
impurity is just a potential scatterer and the strong coupling develops due to the 
electron-electron interactions in the bulk. 
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As in the Kondo effect, the reflection in a one-dimensional Luttinger liquid 
is perfect only at T = 0, V = (V is the voltage across the system); at non- 
zero temperatures or voltages there is a finite conductivity through the impurity 
center: G(u, V,T) ~ max(u;,T, V) 2A [1,2], with A > 1. In this letter we use exact 
methods to study electrostatic and transport properties of an impurity center in 
a one-dimensional Luttinger liquid of spinless particles. As would be expected 
the system behaves in a very nonlinear fashion. We calculate the exact crossover 
functions at T = for the electric charge Q(V) and the current I(V) through the 
barrier. It turns out that in the limit V — > (i) the capacitance Cq = liim/^ Q/V 
is finite and determined by the strength of the potential and by the parameters of 
the Luttinger liquid, (ii) the conductance through the impurity center decreases 
at small V as a power law G ~ V 2X . The finiteness of the capacitance allows us 
to achieve good transport through the impurity at finite frequences. Since the 
real part of the resistance of the barrier is given by 

R= ~ 1 (1) 

[G 2 + [uoCf] u 2 C 2 1 ' 

at sufficiently low temperatures T < (c<jC) 1 / 2A one enters into a regime of good 
conductance. 

Let us consider a model of spinless fermions with a repulsive interaction in the 
presence of a single potential scatterer placed at x — 0. In the continuous limit, 
where only relevant interactions are kept, this model is described by the following 
effective action: 



S I <\t I dx 



\{d T <P? + \{d x <pf +Mcos(/?0/V2>(x) 



(2) 



This effective action can be further simplified by introducing symmetric and an- 
tisymmetric phase combinations: 

0±(*) = -^(0(aO±0(-x)) (3) 

Then the nontrivial part of the action (^]) contains only <p + and acquires the 
following form: 



S + = / dr / da; 



L 



\(d r( p + ) 2 + \{d x <P + ) 2 + Mcos((3<P + /2)5(x) 



(4) 



This model is a particular case of the so-called boundary sine-Gordon (BSG) 
model solved exactly in Refs. 3, 4: 

Sbsg = J dr £ dx[^(d T <P) 2 + l -{d x <P) 2 + 

m cos(/30) + M cos[/3(0 - <fo)/2]8{x)\ (5) 
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The authors of Refs. 2, 3 have used the bootstrap procedure to obtain the 
equations for eigenvalues of momenta of physical particles, i.e. excitations over the 
exact ground state. Their solution is expressed in terms of matrix elements of two- 
body scattering matrices for true excitations. This form is not very convenient 
for comparison with exact solutions of other impurity problems (like Kondo and 
Anderson models) where great experience has been accumulated (see, for example, 
Refs. 5, 6 for a review). To make contact with Kondo models easier we rewrite 
the Bethe ansatz equations in the equivalent form: 

f sinh[7rAK + 1/gi - i/2)] smh[nA(u a - 1/gi - i/2)] | ^ 
\ sinh[7rA(w a + l/g x + i/2)] sinh[7rA(w a - l/g x + i/2)] J 

^ cosh[7rA(w a - l/g 2 + i/2)] _ **L sinh[7rA(-» a - u b - i)] 
X cosh[7rA(w a - l/g 2 - i/2)] ~ /J sinh[7rA(w a - u b + i)j 

Here A = /3 2 /8n is the conformal dimension of the boundary term. The quantities 
gi , g 2 are non- universal parameters related to the bulk and boundary masses m 
and M and the cut-off. The integer number N is proportional to the length of 
the system L. The quantities u a (rapidities) determine energy eigenvalues of the 
system: 

E = y 1 ln ( smh[7rA(n a + l/ 9l - i/2)] sinh[7rA(n a - l/ 9l - i/2)] \ 

a tt 2i 11 \ sinh[7rA( Ma + l/g x + i/2)] sinh[7rA(u a - l/g x + i/2)] J 1 ' 

In the ground state M' = N /2 — ► oo and therefore the rapidities u a do not 
represent physical excitations. 

In what follows we shall be interested only in the case where the bulk mass is 
zero m — 0. This limit can be obtained by setting 

9i, 92 -»• 0; ^ exp[- ^ (l/g 2 - l/gi)] = const 

We restrict our attention to the case A = 1/(1 + A) where A > 1 is an integer. 
Then Eqs.(^) may be regarded as a result of diagonalization of the following 
transfer matrix: 



T(u) = Tr n 



E = i^\nT(u = 0) (8) 

LJ 

where the trace is taken with respect to indices of the zeroeth particle. The two- 
body scattering matrix w- 1 ' 1 ' describes a scattering of two spin-1/2 particles; the 
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matrix Ey> x > describes a scattering of spin- 1/2 and spin S = A/2 particles. These 
matrices are solutions of the Yang-Baxter equation and have the following form: 
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U cr. 







sinh(u + i7rA/2) 



isin(7rA/2) 



Wi = W 2 = 1, u> 3 (» 
cos(vrA^) 



i=0 

cosh(w + i?rA/2) 

cos(7rA/2) 
3 shi^AS 2 ) 



1+ 



2cos(ttA/2) 2sin(7rA/2)' 
I 1 + il 2 = S + f{S z ), I + = I 1 - i/ 2 = f(s z )s- 



f(s z 



1 



sin(7rA) 



sin7rA(^ + 1 + S z ) sin7rA(g - S z 
(S + 1 + S Z )(S - S z ) 



1/2 



(9) 



where in our case S = |A. The matrix R^' 2S > with general S was found by Fateev 
(unpublished) and Kulish and Reshetikhin [7]. The problem (|8|) arises as a part of 
the Bethe ansatz solution of the anisotropic Kondo model with spin-1/2 electrons 
scattering on the impurity with spin S 



§A: 



H 



d 



(10) 



where the constants L\, I± (J11 > are related to A and g^ 1 = g^ 1 — 1 in a 
non-universal way. We regard the equivalence between the boundary sine-Gordon 
model (5) with the zero bulk mass m = and the anisotropic Kondo model (|10"D 
as rather unexpected. This equivalence may give a clue for constructing other 
exactly solvable boundary problems. 

In the thermodynamic limit solutions of Eqs.@ consist of solutions with a 
constant imaginary part ( "shifted" rapidities) 



Ua 



and "strings" 



Ua 



2A +M ° 



n + 1 - 2j) + u^\j = 1, 2, ...n; n < X 



(0) 



:i2) 



The ground state is filled with shifted rapidities. To describe excitations in 
the thermodynamic limit we introduce the distribution functions of holes in the 
ground state po(u) (they correspond to solitons) and shifted rapidities Po(u) as 
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well as the distribution functions p n {u) of real parts of strings u^ n > and their 
holes p n (u)(n = 1,2, ...A) (note the difference in the notations between solitons 
and other particles). In the sine-Gordon model notations the distributions with 
< n < A correspond to breathers and p\ describes antisolitons. The equations 
for these distribution functions have the following form: 

p n (u) + B nm * p m (u) = A n exp(-nu/2) + ^f n {u- l/g) (13) 

where the star denotes a convolution 

f*g(u) = J du'f(u-u')g(u') 

and the Fourier images of the kernels are 



B 0n {x) 



2sinh[A ^jcoshx' 
iA _1 x] , 

, A > n > in : 

2 coth(A _1 x) sinh[(l + A" 1 - nX^x] 



„ , , 2coth(A 1 x) coshlYl — nX l )x\ sinhlmA l x\ . 

B nm (x) = ^ >- ^— ^ [ - X>n>m; 

cosh a; 



coshx 



j ( x \ _ j ( x \ _ tanh x j, _ sinh(A 1 nx) <n< \-^\ 
2sinh(A~ 1 x)' n sinh(A _1 x) coshx 

A n = 2 sin(7m/A)A at < n < A^ 1 , A x = A . (14) 

Notice that the present expressions for the kernels Bo n , /o, fx are different from 
the ones given in Ref. 3. 

The original Bethe ansatz equations (|6|) depend explicitly on the number M' . 
The quantity which is proportional to L in the thermodynamic limit and vanishes 
in the ground state is 

Q = (n /2 -M' + ^j= ^±I2l J du[p (u) - p x (u)} (15) 

In the conventional sine-Gordon model Q is proportional to the topological 
charge, the latter being the number of solitons minus the number of antisoli- 
tons. In the boundary problem the topological charge is not conserved because 
solitons can transform into antisolitons and vice versa when scattering on the 
boundary. Therefore it may appear difficult to find a physical meaning for a field 
conjugated to 9 in the boundary problem. Here the equivalence with the Kondo 
model comes to our help. For the Kondo model we know that Q represents the 
z-projection of the total spin, i.e. it includes spins of the electrons and the im- 
purity. We also know that if T K « N /L (the latter quantity is the bandwidth) 
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the relative contribution of the impurity to the magnetic susceptibility is much 
greater than that of the electrons. For this reason in the Kondo problem one can 
consider a magnetic field as acting on the impurity spin only. Acting in a similar 
way one can consider the impurity part of Q as the electric charge associated with 
the boundary and consider it as a quantity conjugated to the potential difference 
through the barrier eV. 

At T = the only nonvanishing densities are po and po, the former being 
non-zero only in the interval (b,oo), where b is determined by the bulk charge 
susceptibility and V. As follows from Eqs.(|13D these two densities satisfy the 
following integral equation: 

POO \ 

p (u) + / du'B 00 (u - u')p (u') = A exp(-vra/2) + -f (u - l/g) (16) 
Jb L 

The limit b is determined by the charge-voltage relationship in the bulk: 

\ _|_ 1 POO 

eV X =-—\ dup b ulk (u) (17) 



2 

where x is the charge susceptibility of the Luttinger liquid. Equation ( |T6"D is 

a standard Wiener-Hopf equation of the type discussed in great detail in the 

literature, for example, in Refs. 5,6. As we have said, the electrical charge on the 

impurity is related to the impurity part of Q: 

1 A + 1 r 00 

-Q mp = / dup™ p (u) = 

e 2 Jb 



_ i dx exp[-^ln(Tyy)] 1 sinhx 



21x 

TV 

4:71 J x — iO G*(~)(x) sinh(A _1 x) coshx 

where Tr ~ A) exp(— ix/2g) ~ M 1+1 / A is the characteristic energy scale of the 
impurity and G^'(x) are functions analytical in the upper (lower) half-plane of 

x: 

G^(-x) = GH( S ) = r(1+ ,^ r ^ + S (19) 

r(i + ^)r(i/2) 

The result for Q mp can be written as two different series expansions 

-Q imp = 

e 

1 ^ r(l/2)r[l + (l + A- 1 )(n + l/2)] 1 (eV\^ 

k r[l + A-i(n + l/2)]n! (2n + 1) sin UJ < ^ 



71 



-Q imp 

e 



A A + 1 ~ . / to \ T(l + j^)r[l/2 + n(l - Jj)] (T K 



£ sin TXT M .,.„ - 1+A " ^ atV>r K (21 



2 2tt ^ VA + ly n!n VeV 



2reA 
1+A 



6 



It follows from Eg . (P0|) that the capacitance at V = is finite: 

e 2 r(3/2 + l/2A)r(l/2) 
Tr- T(l + 1/2A) sin(7r/2A) 1 ' 

Now we calculate the current through the barrier using the expression derived 
in Ref. 2 for a similar problem. Adjusting the notations in Eq.(14) of Ref. 2 to 
those used in this paper, we get 

I{V) = ev F J du\S ++ (u - l/g)\\ P T\u) - *(«)) (23) 

where S ++ (u) is the scattering amplitude of a soliton by the impurity and vp is 
the Fermi velocity. This amplitude was found in Refs. 3, 4. In our notations we 
have 

I^HI^^T (24) 
Substituting into ( p3"D the solution of the Wiener- Hopf equation ([TED for the bulk 
density p^ lk {u) and using condition ( |T7D we get 

mn _ ie Mx^) [, 1 exp[2ix/nHeV/T K )] 1 
1 ; A(A + 1) J A(A + 1) AsinhfA-Hx-iO)] (tt + 2ix)G(-)(x) y } 

At small eV << Tk we find 

/ e 2 (A + l)r(l/2)r(2 + A) ^ T ^ 2A 

G= y = i27 r(i/2 + A) (eV/TK) (26) 

At large V the conductance achieves its maximum value G max = 2e 2 (vpx)/ (A+l). 
For the model of spinless fermions the quantity {vpx) is related to the conformal 
dimension of the perturbation: 

<•*) = ^ (-) 

Therefore the maximal conductance is equal to 

Gmax — — (28) 

Comparing Eq . (|26D and Eq . (|20"D we find that a small electric charge disappears 
as 

Q ~ e^) 1 /^" 1 ) (29) 
For large charges the exponent changes: 

2A 

eA/2-Q = {tT K )—i (30) 
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